We investigate the linear and nonlinear sound propagations in a cigar-shaped superfluid Fermi gas with a large particle number. We first solve analytically the eigenvalue problem of linear collective excitations and provide explicit expressions of all eigenvalues and eigenfunctions, which are valid for all superfluid regimes in the Bardeen-Cooper-Schrieffer-Bose-Einstein condensation ͑BCS-BEC͒ crossover. The linear sound speed obtained agrees well with that of a recent experimental measurement. We then consider a weak nonlinear excitation and show that the time evolution of the excitation obeys a Korteweg de Vries equation. Different from the result obtained in quasi-one-dimensional case studied previously, where subsonic dark solitons are obtained via the balance between quantum pressure and nonlinear effect, we demonstrate that bright solitons with supersonic propagating velocity can be generated in the present three-dimensional system through the balance between a waveguidelike dispersion and the interparticle interaction. The supersonic bright solitons obtained display different physical properties in different superfluid regimes and hence can be used to characterize superfluid features of the BCS-BEC crossover.
I. INTRODUCTION
The remarkable experimental realization of the crossover from a Bardeen-Cooper-Schrieffer ͑BCS͒ superfluid to a Bose-Einstein condensation ͑BEC͒ in ultracold fermionic atomic gases of 6 Li or 40 K has provided a new type of macroscopic quantum fluids, and led an enormous progress on the study of trapped, strongly interacting fermions. 1 Of particular interest in this field is the dynamical property of ultracold fermionic atomic gases in various superfluid regimes, including linear collective excitations , vortices, 29, 30 and solitons. 31, 32 For a cigar-shaped condensate, axial excitations can be generally divided into two classes. The first one is the largesize excitation with its spatial extension the same order of the axial length of condensate, which has been intensively studied both theoretically and experimentally in recent years. The second one is the small-size excitation that has a spatial extension much less than the axial length of the condensate. The second-class excitations, usually related in particular to sound propagation in the system, have, however, been less investigated up to now. [23] [24] [25] [26] [27] Recently, Joseph et al. 28 have carried out a beautiful experimental measurement of sound speed in a superfluid 6 Li atomic gas in various regimes of the BCS-BEC crossover.
In a recent work, linear and nonlinear excitations in a superfluid Fermi gas has been considered based on a superfluid order-parameter equation valid in the BCS-BEC crossover at zero temperature. 32 The Bogoliubov excitation spectrum for linear sound propagation and subsonic dark solitons have been obtained under a quasi-one-dimensional ͑Q1D͒ condition, i.e.,
where Ќ ͑ z ͒ is the trapping frequency in the radial ͑axial͒ direction, g is the ground-state chemical potential, a Ќ = ͓ប / ͑M Ќ ͔͒ 1/2 ͑a z = ͓ប / ͑M z ͔͒ 1/2 ͒ is harmonic oscillator length in the radial ͑axial͒ direction, and l 0 = ប / ͱ 2M g is healing length with M being mass of fermionic atom pair. In fact, in Q1D the motion of the condensate in the radial direction is frozen and governed by the ground-state wave function ͑i.e., zero-point oscillation͒ of the corresponding radial harmonic oscillator potential. 32 Notice that the Q1D condition ͓Eq. ͑1͔͒ requires that the atomic number of the condensate must be very small ͑see Sec. III.A.2 of Ref. 32͒ and is hard to realize experimentally. In such system the dispersion term in the Bogoliubov excitation spectrum ͑i.e., k 3 term, with k being the wave number in axial direction͒ comes from the quantum pressure and hence has a positive coefficient, which results in the formation of dark solitons when a balance between interparticle interaction and quantumpressure-induced dispersion is fulfilled. Up to now all superfluid Fermi gases in the BCS-BEC crossover realized experimentally, although being cigar-shaped, violate the Q1D condition ͓Eq. ͑1͔͒. It is easy to check that the system for measuring the sound propagation realized by Duke experimental group 28 is also a three-dimensional ͑3D͒ cigar-shaped condensate. The sound wave realized in that experiment is in fact a density perturbation of fermionic atom pairs consisting of propagating plane wave in the axial direction and a stationary distribution of Thomas-Fermi ͑TF͒ wave function in the radial direction. It is natural to ask the following question: is it possible to form a soliton in such cigar-shaped but 3D superfluid Fermi gas?
In this work we shall give a definite answer to the above question. We show that it is indeed available to generate a soliton in a cigar-shaped, 3D superfluid Fermi gas even the Q1D condition is breakdown. However, the soliton obtained in this case is not a dark but bright one propagating on a continuous background of the condensate. Furthermore, different from the subsonic dark soliton obtained under Q1D condition 32 the bright soliton predicted here is supersonic one, i.e., its propagating velocity is larger than the linear sound speed. In addition, bright solitons in different superfluid regimes display different and interesting features, which may be used to characterize the different superfluid properties in different superfluid regimes of the BCS-BEC crossover. The formation of such supersonic bright soliton is due to the balance between interparticle interaction and a waveguidelike dispersion and hence a large particle number of the system is needed, which will be explained in detail below.
This paper is organized as follows. In Sec. II, we present superfluid hydrodynamics equations controlling the dynamics of a trapped superfluid Fermi gas, which are obtained from an equation of macroscopic wave function under TF approximation. In Sec. III we solve analytically the eigenvalue problem for linear collective excitations in a cigarshaped 3D system by using a perturbation method and provide explicit results of all eigenvalues and eigenfunctions. The sound mode and its propagating velocity is discussed in detail and compared with the result of the Duke experiment. In Sec. IV we consider weak nonlinear excitations of the superfluid Fermi gas in the BCS-BEC crossover. We derive a Korteweg de Vries ͑KdV͒ equation by using a method of multiple scales and give supersonic bright soliton solutions. The physical features of the supersonic bright solitons in the BCS-BEC crossover are discussed and a numerical simulation for soliton evolution is also carried out. Finally, the last section contains a conclusion and discussion of our main results.
II. SUPERFLUID HYDRODYNAMIC EQUATIONS
We consider a superfluid Fermi gas, in which fermionic atoms ͑i.e., 6 Li or 40 K͒ have two different internal states with equal atomic number. In ground state all atoms are paired and condensed atom pair density is n s . By means of Feshbach resonance technique the BCS-BEC crossover can be realized easily by tuning an applied magnetic field, and hence changing the s-wave scattering length a s . Usually, a
2 n s ͒ 1/3 is Fermi wave number͔ is introduced to distinguish different superfluid regimes, i.e., BCS regime ͑ Յ −1͒, BEC regime ͑ Ն 1͒, and BEC-BCS crossover regime ͑−1 Ͻ Ͻ 1͒. The special case =−ϱ ͑ =+ϱ͒ is called BCS ͑BEC͒ limit and = 0 is called unitarity limit. Both theoretical and experimental studies show that the transition from BCS regime to BEC regime is smooth, 1 which means that the dynamical property of superfluid Fermi gases in various superfluid regimes can be investigated in a unified way.
Recently, an order-parameter ͑macroscopic wave function͒ equation controlling the dynamics of trapped superfluid Fermi gases in the BEC-BCS crossover at zero temperature is suggested, [15] [16] [17] [18] [19] [20] [21] [22] 30, 32, 33 which reads
where ⌿ s is the order parameter of condensed fermionic atomic pairs with the pair density n s = ͉⌿ s ͉ 2 and the normalized condition ͐dr͉⌿ s ͉ 2 = N ͑N is the total atomic pair number of the superfluid Fermi gas͒, M is the mass of atom pair ͑i.e., M =2m with m being atomic mass͒, V s ͑r͒ is trapping potential, s ͑n s ͒ =2͑2n s ͒ with ͑n͒ being the bulk chemical potential ͑or called equation of state͒ which can be obtained under a local-density approximation and has the form ͑n͒ = ‫͓ץ‬n͑n͔͒ / ‫ץ‬n. Here n =2n s is atomic density and ͑n͒ is the bulk energy per particle obtained in the absence of the tapping potential. Introducing ͑n͒ = ͑3 / 5͒ F ͑͒, with F = ប 2 k F 2 / ͑2m͒ being Fermi energy, one has ͑n͒ = F ͓͑͒ − ͑ / 5͒ ‫ץ‬ ͑͒ / ‫.͔ץ‬ [15] [16] [17] 20, 24, 25 In general, the expression of ͑n͒ is very complicated but in many cases it can be approximated by the polytropic approximation 30 ,32
where 0 and n 0 are, respectively, reference chemical potential and particle-number density. Usually one takes n 0 to be the density of the ideal Fermi gas at the trapping center of the system. Thus one has 0 = F 0 ͓͑ 
where v s is superfluid velocity. The last term in the square bracket of Eq. ͑4b͒, i.e., −ប 2 ٌ 2 ͱ n s / ͑2M ͱ n s ͒, is called quantum pressure. We know that the formation of soliton is due to an exact equilibrium between dispersion and nonlinear effects. In the case of Q1D, the dispersion is mainly provided by the quantum pressure and hence to form a soliton the quantum pressure must be taken into account. On the other hand, in Q1D the particle number of the condensate is very small and hence the quantum pressure is significant and thus cannot be neglected, which has been demonstrated clearly in the study of subsonic dark solitons in condensed bosonic atomic gases with repulsive interaction [35] [36] [37] [38] and in superfluid fermionic atomic gases. 32 The situation changes drastically if the atom-pair number N of the system is very large, which is the situation of nearly all experiments of ultracold Fermi gases up to now. Because s ͑n s ͒ is always positive in the whole BCS-BEC crossover, for large N the quantum pressure effect plays a negligible role and thus can be neglected safely. 1, [15] [16] [17] [18] [19] [20] [21] [22] 30, 33 It seems that in this case a soliton cannot form because the dispersion contributed from the quantum pressure does not exist. However, for large N the Q1D condition is breakdown, the system becomes a 3D one and hence a new dispersion effect occurs. In fact, in the case of large N the ground-state wave function in radial direction is a TF type, which results in discrete eigenmodes of linear excitations in the radial direction, and hence induces a dispersion effect for the wave propagation in axial direction. So it is possible to use such "waveguide" dispersion to balance the nonlinearity contributed by the interparticle interaction ͓char-acterized by s ͑n s ͔͒ to form a soliton in superfluid Fermi gases with large N, as shown below.
III. LINEAR COLLECTIVE EXCITATIONS AND SOUND SPEED
We now study linear collective excitations of the system. We assume the atom-pair number N is large, and hence neglect the quantum pressure term in Eq. ͑4b͒. The groundstate solution of the superfluid hydrodynamic Eqs. ͑4a͒ and ͑4b͒ corresponds to ‫ץ‬ / ‫ץ‬t = 0 and v s = 0, which yields
where g is the ground-state chemical potential. Using the polytropic approximation ͓Eq. ͑3a͔͒ we obtain n s eq ͑r͒
As in most experiments we take the trapping potential with the form of axial symmetry
where r = ͱ x 2 + y 2 is radial coordinate. Thus we have
where
are radial and axial half lengths of the condensate, respectively. We assume z Ӷ Ќ the condensate is hence a cigar-shaped one with the long axis along z direction. By the normalized condition ͐drn s eq ͑r͒ = N, it is easy to get the explicit expression of the chemical potential
.
͑8͒
When obtaining above result we have chosen the reference density n 0 as the value of a trapped but noninteracting Fermi gas, i.e., n
, and 32͒ with F 0 = ប͑6N Ќ 2 z ͒ 1/3 . Using the result of g one can estimate the critical atom-pair number from 3D condensate to Q1D one. In fact, by the Q1D condition in Eq. ͑1͒ one obtains
cr ͒ the system is 3D ͑Q1D͒ condensate. 39 Using the formula ͑9͒ it is easy to check that N ӷ N 1D cr in the Duke experiment 28 and hence the superfluid Fermi gas produced in Ref. 28 is not a Q1D but a 3D one. Linear collective excitations are small perturbations to the ground state, whose equations can be obtained by taking n s ͑r , t͒ = n s eq ͑r͒ + ͓␦n s ͑r͒exp͑−it͒ + c.c.͔ and v s ͑r , t͒ = ␦v s ͑r͒exp͑−it͒ + c.c., where ␦n s and ␦v s are small quantities and is the oscillating frequency of the perturbations. Substituting them into the Eqs. ͑4a͒ and ͑4b͒ ͑with the quantum pressure term being neglected͒ one obtains the eigenvalue problem
͑10͒
Since z is much less than Ќ , for obtaining an analytic result we disregard the axial part of the trapping potential ͑which will be included in the numerical simulation given later͒. Then the ground-state density is simplified into n s
Taking ␦n s ͑r͒ = ␦n s ͑r , ͒exp͑ikz͒ ͑k is wave number in the axial direction͒, Eq. ͑10͒ is reduced into the dimensionless form
In order to solve above equation we introduce the following transformation:
then Eq. ͑11͒ is converted into the form
Notice that both Ĥ 0 and Ĥ 1 are Hermitian operators. Solving the eigenvalue problem ͑13͒ for all k ͑0 Ͻ k Ͻϱ͒ exactly is not available. Ghosh and Machida 24 solved Eq. ͑11͒ by a numerical diagonalization, which was first used for condensed Bose gas ͑i.e., for the special case of ␥ =1͒ by Zaremba. 40 However, notice that for linear and nonlinear sound propagation problems we are interested in here, one needs only the result for small k. Thus we can solve Eq. ͑13͒ using the perturbation theory developed in quantum mechanics by taking Ĥ Ј as a perturbation Hamiltonian.
where j is the index of eigenvalues and eigenfunctions, Eq. ͑13͒ becomes
, etc. The zero-order ͑l =0͒ solution of Eq. ͑14͒ can be solved exactly. 24 The result reads
where P n ͑a,b͒ is a Jacob polynomial of order n, n r , and m are radial and angular quantum numbers, respectively. It is easy to show the above eigenfunctions are orthogonal and normalized
With the zero-order solution given above as an expansion basis for ⌿ j ͑l͒ ͓j = ͑n r , m͔͒ we can easily solve Eq. ͑14͒ for high-order approximations ͑l =1,2,...͒. The first-order solution ͑l =1͒ is given by
All high-order approximation solutions can be obtained explicitly in a similar way, but it is not needed and thus omitted here.
Up to the second-order approximation the expressions of eigenvalues and eigenfunctions of Eq. ͑10͒ are given by
where E n r m ͑l͒ and ⌿ n r m ͑l͒ are proportional to k 2l . In Table I we have listed the analytical expressions of eigenvalues up to the first three-order approximations for modes of axial symmetry ͑i.e., m = 0 and n r =0,1,2,3͒ with corresponding eigenfunctions given in Appendix A, which are calculated by using the analytical formulas ͑15a͒-͑15c͒, ͑16͒, ͑17a͒, ͑17b͒, ͑18a͒, and ͑18b͒. Shown in Fig. 1 are the Table I is normalized by the radius of the condensate. However, for the comparison of the eigenfrequencies in different superfluid regimes, kR Ќ is not good variable because it varies along the BCS-BEC crossover for the same k. Thus in Fig. 1 we plot the eigenfrequencies as functions of kr 0 , where r 0 = ͓2 F 0 / ͑M Ќ 2 ͔͒ 1/2 is a fixed number for given atompair number N, and the trapping frequencies Ќ and z . From the figure we see that in different superfluid regimes the eigenfrequencies display different behavior. For ͑n r , m͒ = ͑0,0͒ mode, for a given k the eigenfrequency of the BCS regime is larger than that of the unitarity regime. In the BEC regime, the eigenfrequency is lowest. However, for n r 0, this property changes, which can be clearly seen from the figure. For the ͑n r , m͒ = ͑3,0͒ mode, the eigenfrequency of the BEC regime becomes largest. Such features of oscillatory frequencies of eigencollective excitations have also be found by Ghosh and Machida 24 in their numerical approach, but our result is an analytical one.
In Fig. 2 we have plotted the eigenfunctions of collective excitations ␦n sn r m ͑r , ͒ as functions of r = r / R Ќ , given by Eq.
͑20͒.
Notice that under TF approximation, the particle density in the radial boundary should be vanishing ͑i.e., ␦n s has very large value at the radial boundary of the condensate, but it decreases rapidly ͑but smoothly͒ to zero near r = R Ќ . The peak of ␦n s appeared at r = R Ќ is due to the problem of figure resolution. In fact, ␦n s is smooth near r = R Ќ if using a small scaling for r. As expected, with an increase in n r the number of radial nodes of the eigenfunction increases. For large n r , the eigenfunction has a significant oscillation with respect to r / R Ќ . So in principle, for higher-order eigenmodes the TF approximation will be violated. However, our main focus here is on the low-lying collective modes and hence the TF approximation is valid.
We now discuss the sound propagation of the system, which corresponds to the lowest branch 00 ͑k͒ of Fig. 1 that satisfies 00 ͑0͒ =0 ͑Bogoliubov spectrum͒. By Eq. ͑19͒ with ͑n r , m͒ = ͑0,0͒ we obtain
k .
͑21͒
For small wave number 00 ͑k͒ is proportional to k. So we have 00 = Ϯ ck, with
being the sound speed of the system, where g is given by Eq. ͑8͒. The "+" and "−" signs in Eq. ͑21͒ means that generally the sound wave can propagate in two different directions. The solid line of Fig. 3 is the result of the sound speed ͓in unit of Fermi velocity v F = ͑2 F 0 / m͒ 1/2 ͔ of the superfluid 6 Li atomic gas as a function of 0 =1/ ͑k F 0 a s ͒, calculated by using the experimental parameters of Joseph et al., 28 i.e., N =3ϫ 10 5 , Ќ =2 ϫ 688 Hz, z =2 ϫ 34.4 Hz. Thus one 28 are denoted by open squares. We see that our theoretical result agrees quite well with that of Joseph et al. 28 For comparison, in Fig. 3 we have also plotted the result of the sound speed of the Q1D superfluid Fermi gas, 32 which is given by the dashed line. One sees that the Q1D sound speed is obviously lower than the 3D one. The reason is that in the Q1D system there is a very strong confinement in radial direction, which results in a decrease in sound speed.
IV. WEAK NONLINEAR EXCITATIONS AND BRIGHT SOLITONS
We now turn to investigate large-amplitude sound wave of the system. From the expression of eigenvalues in Eq. ͑19͒ we see that each eigenmode has dispersion. On the other hand, there is nonlinearity contributed by interparticle interaction, characterizing by s ͑n s ͒ in the hydrodynamic Eq. ͑4b͒. Thus one expects possible soliton formation in the system via the balance between the dispersion and nonlinearity. In the case of large N, the superfluid velocity v s = ͑v r , v , v z ͒ satisfy hydrodynamic Eqs. ͑4a͒ and ͑4b͒, which in cylindrical coordinate system can be written as the form
where V s ͑r , z͒ is given by Eq. ͑6͒. For simplicity we focus our effort here to a cylindrically symmetric excitation. In this case, one has ‫ץ‬ / ‫ץ‬ = 0 and v = 0. For a weak nonlinear sound wave, its linear correspondence is the mode ͑n r , m͒ = ͑0,0͒ with vanishing wave number k. Since the dynamics of the system can be characterized by two different time scales, i.e., the fast motion in the radial direction and the slow motion in the axial direction. In order to make an ana- FIG. 3 . ͑Color online͒ The sound speed c of the cigar-shaped but 3D superfluid gas 6 Li atomic gas as a function of 0 =1/ ͑k F 0 a s ͒. The solid line is the theoretical result by using Eq. ͑22͒, whereas the open squares are the data measured by the Duke experiment Joseph ͑Ref. 28͒. For comparison, in the figure we have also plotted the sound speed of Q1D case ͑dashed line͒, the propagating velocity V sol of the subsonic dark soliton in Q1D ͑dotted-dashed line͒, and the supersonic bright soliton in the present 3D case ͑the dotted line͒. All velocities are in unit of corresponding Fermi velocity of
lytical approach available, we assume the trapping potential is z independent, i.e., V s ͑r , z͒ = V s ͑r͒. The effect of axial inhomogeneity will be considered in later numerical simulation. Introducing the slow variables = ⑀͑z − ct͒ and = ⑀ 3 t, where ⑀ is a small parameter representing the relative amplitude of the excitation and c is an undetermined parameter, and making the asymptotic expansions n s = n s eq + ⑀ 2 n 
Eqs. ͑25a͒-͑25c͒ can be solved order by order. At the lowest order ͑l =0͒, from Eq. ͑25a͒ we obtain
where F͑ , ͒ = n ͑0͒ ͑0, , ͒ is an envelope function to be determined yet. Notice that s Ј͉ r=0 / s Ј= ͑1−r 2 / R Ќ 2 ͒ 1/␥−1 corresponds to the leading-order approximation of Eq. ͑17b͒ for the ͑n r , m͒ = ͑0,0͒ eigenmode. By Eq. ͑25c͒ we have
Integrating Eq. ͑25b͒ ͑for l =0͒ from 0 to r, we obtain
Because n s eq ͉ r=R Ќ =0, by Eq. ͑28͒ we obtain ͐ 0 R Ќ dr͓cr/ s Ј − rn s eq / ͑Mc͔͒ = 0, which yields the sound speed
This result agrees exactly with that obtained by Capuzzi et al. 25 by using a different approach. 41 The second equality agrees also with that obtained by the linear theory of collective excitations developed in Sec. III ͓see Eq. ͑22͔͒.
Notice that the sound-speed formula for the same system was also studied in Ref. 24 . However, the result in that work is incorrect because of the use of incorrect orthonality condition of eigenfunctions of linear excitations, which was pointed out by the authors of Ref. 42 . We also note that the first sound and second sound of a superfluid Fermi gas has been discussed in Ref. 27 by using a two-fluid model. However, the trapping potential they used is a spherical symmetric one and the system works at finite temperature. Hence, the sound speed they obtained is different from that obtained in our system, which is valid for zero temperature and for an axially symmetric trap.
Generally, Eq. ͑28͒ gives the expression of u
where 
Integrating Eq. ͑31͒ from 0 to R Ќ , we obtain the equation for the envelope function F͑ , ͒ ‫ץ‬F ‫ץ‬
Letting G = ⑀ 2 F and using the definitions of = ⑀Z and = ⑀ 3 t, we have ‫ץ‬G ‫ץ‬t
is well-known KdV equation, a completely integrable system and admits multisoliton solutions. A single soliton solution is given by
where A 0 is a positive constant and z 0 is an arbitrary real constant depending on initial exciting condition. Based on above results we obtain
when exact to the leading-order approximation. We see that the soliton obtained is indeed a bright one that propagates on a condensate background. This is quite different from the result in Q1D case where the soliton obtained is a dark one. 32 In addition, from Eq. ͑36a͒ we see that the bright soliton is supersonic because its propagating velocity is larger than the sound speed c, which is also different from the dark soliton in Q1D case where the soliton obtained is a subsonic one. 32 The physical reason for the occurrence of the bright soliton can be understood as follows. From the Bogoliubov spectrum in Eq. ͑21͒ we know that the coefficient of k 3 ͑when making an expansion around k =0͒ is negative, which is different from that obtained for Q1D case where the coefficient of k 3 is positive. 32 The difference between the sign of the k 3 coefficient for the present 3D system and that of the Q1D system studied in Ref. 32 is due to the different origin of dispersion. In the Q1D case the dispersion mainly comes from quantum pressure, whereas in the present 3D case the dispersion results from the TF distribution of ground-state wave function in the radial direction, which induces a dispersion for each eigenmode. One can make a simple comparison between the propagation of collective excitations in the present cigar-shaped condensate and the light propagation in optical fibers. The dispersion induced by the quantum pressure is analogy to a "material dispersion," while the dispersion originated by the TF ground-state distribution is analogy to "waveguide dispersion." 43 It is just due to these different dispersion characters that make subsonic dark solitons occur in the Q1D system 32 but the supersonic bright solitons possible in the present 3D system.
In order to give a quantitative picture for the feature of the bright soliton predicted above, in Table II we have we presented some numerical values of velocity V sol , width of the bright soliton in terms of Duke experimental parameters. 28 The condensate radii R Ќ and R z are also given. We see that the bright soliton has different velocity and width in different superfluid regimes. When passing from the BEC to the BCS regimes, the propagating velocity and axial width of the soliton increases. This is contrast to the Q1D dark solitons, for which the soliton width in the BCS regime is smaller than that in the BEC regime.
For comparison, in Fig. 3 we have plotted the propagating velocity of the bright soliton for the present 3D system ͑the dotted line͒, and that of the dark soliton for the Q1D system given in Ref. 32 ͑dotted-dashed line͒. We see clearly that the former is supersonic and the latter is subsonic. We note that both the sound speed and soliton velocity display a discontinuous derivative at 0 = 0. This is an artifact resulted from the analytical fitting formula for the equation of state proposed by Manini and Salasnich ͑see Fig. 1 in Ref. 16͒ that has a discontinuous derivation at 0 = 0. Of course, there should be no discontinuous derivative for them because the crossover from BCS to BEC is smooth. Now we address the stability problem of the supersonic bright solitons in ultracold Fermi gases. Because the KdV Eq. ͑33͒ is a completely integrable mathematical model, 44 its soliton solutions are stable to external 1D perturbations. Notice that when obtaining the KdV Eq. ͑33͒ we have assumed weak dispersion and weak nonlinear conditions. In addition, the axial trapping potential, i.e., M z 2 z 2 / 2 in the Eqs. ͑23b͒-͑23d͒, has been disregarded. However, this may be not the realistic case of ultracold Fermi gas experiments, where for large-amplitude and narrow-width collective excitations and for a long propagating distance, effects originated from high-order dispersion, high-order nonlinearity, and axial inhomogeneity may play significant role, and hence ͑these structural perturbations͒ will destroy the integrability of the KdV equation. For weak dispersive and weak nonlinear excitations we discussed here, the instability of solitons is mainly due to the axial inhomogeneity contributed by the axial trapping potential. An analytical study of the instability ͑including its deformation, radiation, and even disintegration͒ of the supersonic bight soliton can be done by using a similar method developed in Ref. 36 , which is, however, a topic beyond scope of the present work and will be published elsewhere. 45 To show the influence of the axial trapping potential on the supersonic bright soliton predicted above, here we make a numerical simulation starting from the hydrodynamics Eqs. ͑23a͒-͑23d͒ by using the bright soliton solution in Eq. ͑37͒ as an initial condition. The system parameters are chosen as N =1ϫ 10 5 , Ќ =2 ϫ 3000 Hz, z =2 ϫ 100 Hz, and A 0 / F 0 = 0.2. The result of the simulation for three different regimes are illustrated in Fig. 4 . Panels ͑a͒, ͑b͒, and ͑c͒ in the figure correspond to bright soliton propagation in the BEC ͓1 / ͑k F 0 a s ͒ =5͔, unitarity limit ͓1 / ͑k F 0 a s ͒ =0͔, and BCS ͓1 / ͑k F 0 a s ͒ =−1͔ regimes, respectively. One can observe the following propagation features. ͑i͒ The bright soliton is fairly stable near the center of the condensate, but it becomes broadened and radiates small continuous waves when moving to the boundary of the condensate. This effect contributes mainly from the weak axial trapping potential that confines the condensate in the axial direction, not considered in the theoretical analysis given above. ͑ii͒ The soliton in the BCS regime is more stable than in the BEC regime. The reason is that, for the same N, Ќ , and z the axial length of the condensate in the BCS regime is much larger than that in the BEC regime, and hence the axial trapping potential plays less important role than in the BCS regime. ͑iii͒ During propagation, the bright soliton radiates a small dip that propagates in opposite direction. This phenomenon can be understood as follows. Because the hydrodynamics Eqs. ͑23a͒-͑23d͒ allow two eigensound-wave modes, one propagates with velocity c and another one propagates with velocity −c ͓see Eq. ͑21͒ for small k͔. Thus an initial disturbance of the system Eqs. ͑23a͒-͑23d͒, though being a soliton solution of the KdV Eq. ͑33͒, will generally evolve into two parts that having opposite propagating directions. ͑iv͒ In different superfluid regimes the supersonic bright soliton and associated radiation has different amplitude and propagating velocity. This is a direct reflection of different physical properties of the superfluid Fermi gas that can be used to distinguish different superfluid regimes of the system.
V. DISCUSSION AND SUMMARY
We have studied the linear and nonlinear sound propagation in a cigar-shaped, 3D superfluid Fermi gas with large particle number. We have solved analytically the eigenvalue problem of linear collective excitations by means of a perturbation method and provided explicit expressions of all eigenvalues and eigenfunctions. The results obtained are valid for all superfluid regimes in the BCS-BEC crossover. Based on these results we have discussed the sound propagation in the system and showed that the sound speed obtained in our calculation agrees well with experimental measurement by Joseph et al. 28 In addition, we have investigated the nonlinear sound propagation in the system and showed that the amplitude of excitations satisfies a KdV equation. Different from the result obtained in the Q1D case studied in Ref. 32 , where subsonic dark solitons are obtained via the balance between quantum pressure and interparticle interaction, we have demonstrated that bright solitons with supersonic propagating velocity can be generated in the present 3D superfluid Fermi gas in the BCS-BEC crossover through the balance between a waveguidelike dispersion and the interparticle interaction.
We note that Jackson et al. 46 have studied solitons in atomic clouds of BEC limit. However, their result is valid for the case of small particle number, and hence the dark soliton obtained have Q1D characters. For large particle number, the confinement-induced dispersion ͑which has not been considered by Jackson et al. 46 ͒ should be taken into account, as demonstrated in our present work. If increasing particle number from small to large, the system may display a crossover from 1D to 3D, and hence a transition from dark soliton to bright soliton may occur, an interesting topic that deserves to be studied in detail.
Experimentally, the supersonic bright solitons predicted here can be generated by using the method similar to that used to produce sound waves. 28, 47 To produce a large and positive ͑bright͒ density perturbation, a focused and blueshifted laser beam should be switched on suddenly. 47 This method may generate two positive density pulses that propagate in opposite directions, and hence can be used to study the interaction between two bright solitons. The theoretical results presented here may be useful for understanding the nonlinear property of fermionic condensates and guiding experimental findings of the various nonlinear excitations in superfluid Fermi atomic gases in the BCS-BEC crossover. 
